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Abstrat
We evaluate one-loop eets for QED3+1 in the presene of an extra
ompatied dimension, in a non-trivial vauum for the gauge eld,
suh that a non-vanishing magneti ux is enirled along the extra
dimension. We obtain the vauum polarization tensor and evaluate
the exat parity breaking term.
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ti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Quantum eld theory models with ompatied dimensions have been
proposed to investigate many dierent physial phenomena. These range
from nite size eets in ritial phenomena [1℄, to partile physis models
where, sine the pioneering works of Kaluza and Klein [2℄, extra dimensions
have played an important role to searh for methods to unify the fundamental
interations and to desribe a wide range of physial situations; to name a
few: alternative solutions to the hierarhy problem [3, 4℄, physis at the
TeV sale [5℄, and partile physis models where the extra dimensions play
an important role to implement the uniation of fundamental interations
(see, for example, [6, 7, 8℄ and referenes therein) .
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An interesting yet simple example of this, orresponds to the ompati-
ation of one dimension in an R
D
Eulidean spaetime, suh that the topology
of the resulting manifold M is that of RD−1 × S1, i.e., `irular ompati-
ation'. Although the interesting features that emerge in this situation have
been studied using several dierent tehniques in the literature, one an take
advantage of a (formal) ommon feature; indeed, they share many properties
with the imaginary-time formulation of quantum eld theory at nite tem-
perature [9, 10℄. This allows one, for example, to take advantage of the many
well-known methods and results developed in this ontext, suh as Feynman
diagrams and renormalization tehniques, to import them to the ase under
onsideration.
From a topologial point of view, the imaginary-time formalism in a D-
dimensional spae-time at nite temperature is equivalent to a path-integral
evaluated on the manifold R
D−1 × S1, where S1 is a irle of irumferene
β = 1/T. Sine in Eulidean path integral (imaginary) time and spatial oor-
dinates are on the same footing, the Matsubara presription an be thought
of as a mehanism to deal with spatial ompatiations where the om-
patiation length L plays the role of β [11℄. This has been developed by
onsidering both simply or non simply-onneted D-dimensional manifolds
with a topology R
D
d = R
D−d × Sl1 × Sl2 · · · × Sld, with l1 orresponding to
the inverse temperature and l2 , · · · ld to the ompatiation of d− 1 spatial
dimensions
1
.
For just one ompatied dimension (imaginary time or a spatial dimen-
sion) the Feynman rules are modied, the most harateristi new feature is
the Matsubara presription for momentum integrals,∫
dks
2π
→
1
ξ
+∞∑
n=−∞
; ki →
2nπ
ξ
, (1)
where ks amounts to the momentum omponent orresponding to the om-
patied dimension, while ξ equals β or L, for the nite temperature and
ompatied spatial dimension ases, respetively.
Some of these ideas have reently attrated renewed interest, as a way
to investigate the eletroweak transition and baryogenesis. For instane, a
reent investigation of the eletroweak phase transition has been presented
in [13℄, in the ontext of a 4 + 1-dimensional theory with a ompatied di-
mension. This model involves harged salar bosons oupled to a gauge eld,
and makes use of the Hosotani mehanism [14℄. Taking the order parameter
to be proportional to the non-vanishing omponent of the gauge eld along
1
This ase has been onsidered, within the ontext of spontaneous symmetry breaking,
in [12℄.
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the ompatied oordinate, the authors nd a rst-order transition with a
strength inversely proportional to the Higgs mass.
Within the previous general framework, we here take a slightly dierent
route, to investigate one-loop eets for QED3+1 with an extra ompatied
dimension, in a non-trivial vauum for the gauge eld, with the non-vanishing
omponent of the gauge eld lying also along the extra dimension.
The system we shall deal with may be onveniently dened in terms of
an Eulidean ation, S, whih has the struture:
S(A; Ψ¯,Ψ) = Sg(A) + Sf(A; Ψ¯,Ψ) , (2)
where Sg and Sf denote the U(1) gauge eld and fermioni ations, respe-
tively. The former is assumed to have a standard Maxwell form, namely:
Sg(A) =
1
4
∫
d5xFαβFαβ , (3)
with Fαβ ≡ ∂αAβ−∂βAα, where we adopted the onvention that indies from
the beginning of the Greek alphabet (α, β, . . . ) label all the oordinates of
the spaetime manifold, and therefore run from 0 to 4. Sine we will be
speially interested in the model as it is seen from a 3 + 1 dimensional point
of view, we shall also use another onvention: indies from the middle of the
Greek alphabet (µ, ν, . . . ) are reserved for the 3 + 1-dimensional spaetime
oordinates while, when this notation is used, the extra dimension oordinate
shall be denoted by s. Then:
α = 0, 1, 2, 3, 4 , µ = 0, 1, 2, 3 , d5x ≡ d3+1x dx4 = d
3+1x ds , (4)
and x will be assumed to denote the 3+ 1 oordinates xµ, unless expliit in-
diation on the ontrary. The extra dimension is assumed to be ompatied
with a radius R, so that s ∼ s + L, L = 2πR.
On the other hand, the Dira ation, Sf , is given by
Sf(Ψ¯,Ψ;A) =
∫
d3+1x ds Ψ¯(x, s)
(
D +m
)
Ψ(x, s) (5)
where D is the 4 + 1 dimensional Dira operator, D = γαDα. The ovariant
derivative Dα ≡ ∂α + igAα inludes a oupling onstant g with the dimen-
sions of (mass)−
1
2
. For Dira's γ-matries, we assume that γs ≡ γ5, where
the latter is the γ5 matrix for the 3 + 1 world.
To proeed, we disuss now the mode expansion and its relation to gauge
invariane. To that end, we follow [15℄, where this issue is disussed at length,
albeit in the nite temperature theory ontext, in the Matsubara formulation
3
of thermal eld theory. Due to the formal analogy with this situation, a quite
straightforward proedure allows us to adapt the results derived there to our
ase. The neessary hanges that follow from the fat that our ompatied
dimension is spatial rather than temporal are taken into aount by using (1).
In that analogy, the length L plays the same role of the inverse temperature
in [15℄: L ∼ β, β = T−1.
What follows is a brief review of some of those properties (the ones whih
are relevant to our study), adapted to our ase and onventions. To begin
with, the gauge eld onguration Aα(x, s) may be deomposed into its zero
(Aα) and non-zero (Qα) mode omponents:
Aα(x, s) = L
− 1
2 Aα(x) + Qα(x, s) , (6)
where the two terms in this deomposition may be dened by:
Aα(x) = L
− 1
2
∫ L
0
dsAα(x, s) , (7)
and
Qα(x, s) = Aα(x, s) − L
− 1
2 Aα(x) , (8)
so that
∫ L
0
dsQα(x, s) = 0. An L
− 1
2
fator has been inluded in the zero
mode term in order to make this eld have the usual mass dimensions in 3+1
spaetime dimensions; this property will beome useful after dimensional
redution.
The deomposition above nds a natural interpretation when one onsid-
ers the Fourier expansion of the gauge eld along the extra dimension:
Aα(x, s) = L
− 1
2
∞∑
n=−∞
eiωns A˜α(x, n) , (9)
with ωn ≡
2pin
L
, where one identies:
Aα(x) = A˜α(x, 0) , Qα(x, s) = L
− 1
2
∑
n 6=0
eiωns A˜α(x, n) . (10)
Then we dimensionally redue the theory, what, for the gauge eld ation,
amounts to keeping just the zero mode omponent of the gauge eld. Thus:
Sg(A) → Sg(A) = Sg(Aµ, As) , (11)
where:
Sg(Aµ, As) =
∫
d3+1x
[1
2
∂µAs∂µAs +
1
4
Fµν(A)Fµν(A)
]
, (12)
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with Fµν(A) ≡ ∂νAν − ∂νAµ.
Regarding the fermioni ation Sf , the redution amounts to:
Sf(A; Ψ¯,Ψ) → Sf (Aµ, As; Ψ¯,Ψ) . (13)
The fermioni eld is not dimensionally redued by the simple reason that, in
the alulation of the eetive gauge eld ation, its only ontribution omes
from the fermion loop. That loop may be represented as a series of 3 + 1
loops, eah one with a dierent mass. Although the ontributions of heavier
modes may be relatively suppressed, the very fat that there is an innite
number of them forbids us to trunate that series (even if there were a zero
mode).
Thus, the following expliit expression for the fermioni ation shall be
used after dimensional redution:
Sf =
∫
d3+1x
∫ L
0
ds Ψ¯(x, s)
(
6D + γsDs +m
)
Ψ(x, s) (14)
where
6D = γµ(∂µ + ieAµ) Ds = ∂s + ieAs . (15)
We have introdued a new, dimensionless oupling onstant e ≡ gL−
1
2
, whih
shall play the role of the eletri harge in 3 + 1 dimensions.
As explained in [15℄, when onsidering the form of the gauge transforma-
tions in terms of the deomposition into zero and non-zero modes, one nds
that it Aµ transforms as a standard gauge eld (in 3 + 1 dimensions):
δAµ(x) = ∂µα(x) (16)
while its extra dimensional omponent As, a salar from the 3+1-dimensional
point of view, is shifted by a onstant:
δAs(x) = Ω . (17)
The onstant Ω has to be of the form Ω = 2pik
Le
, where k is an integer, sine the
gauge eld is oupled to a (harged) fermioni eld, whose transformation
law under simultaneous ation of the previous gauge transformations is:
Ψ(x, s) → e−ie[α(x)+Ωs]Ψ(x, s)
Ψ¯(x, s) → eie[α(x)+Ωs] Ψ¯(x, s) . (18)
We now dene the part of the eetive ation that only depends on the
(dimensionally redued) gauge eld, Γ(A),
Γ(A) ≡ Γ(A; Ψ¯,Ψ)
∣∣∣
Ψ¯=Ψ=0
, (19)
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where Γ(A; Ψ¯,Ψ) is the full eetive ation. The funtional Γ(A) allows one
to derive 1PI funtions ontaining only Aµ, As external lines. The former
have an immediate 3 + 1 dimensional interpretation, while the latter shall
be assumed to have a onstant (but otherwise arbitrary) value, whih is
determined by a ondition whih is external to the model.
On the other hand, at the one-loop order, the only non-trivial term omes
from the fermioni loop:
Γ(A) = Γ(0)(A) + Γ(1)(A) + . . . (20)
where Γ(0)(A) = Sg(A) and
e−Γ
(1)(A) =
∫
DΨDΨ¯e−Sf (A;Ψ¯,Ψ) . (21)
We shall fous on the eetive ation for the gauge eld omponents Aµ
that have a diret physial interpretation from a 3 + 1-dimensional perspe-
tive. Regarding the salar omponent, As, as we have said above, it will be
assumed to yield a non-vanishing ux:
e
∫ L
0
dsAs = φ (22)
where φ is a onstant. This ondition may be onveniently solved by means
of a onstant As:
As =
φ
eL
, (23)
whih is the gauge xing that we shall assume. Note that, sine the gauge
transformations shift As by an integer multiple of
2pi
eL
, we may x the value
of φ to the fundamental region:
0 ≤ φ < 2π , (24)
whih we shall assume in what follows.
We then proeed to Fourier expand the fermioni elds along the s oor-
dinate:
Ψ(x, s) = L−
1
2
∞∑
n=−∞
eiωnsψn(x)
Ψ¯(x, s) = L−
1
2
∞∑
n=−∞
e−iωnsψ¯n(x) , (25)
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and insert this into the funtional expression for Γ(1)(A), to obtain:
Sf =
n=+∞∑
n=−∞
∫
d3+1x ψ¯n(x)
(
6D + iγs(ωn +
φ
L
) +m
)
ψn(x) . (26)
Under the same expansion, the fermioni measure fatorizes:
DΨDΨ¯ =
n=+∞∏
n=−∞
Dψn(x)Dψ¯n(x), (27)
and, nally, the Eulidean ation orresponding to eah mode n may be
equivalently written as follows∫
d3+1x ψ¯n(x)
(
6D + iγs(ωn +
φ
L
) +m
)
ψn(x)
=
∫
d3+1x ψ¯n(x)( 6D +Mn e
−iϕnγ5)ψn(x) (28)
with
Mn ≡
√
m2 + (ωn + φ/L)2 , ϕn = arctan(
ωn + φ/L
m
) . (29)
The existene of a γ5 term means that parity symmetry will generally be
broken; to study that phenomenon more learly, we perform a hange in the
fermioni variables that gets rid of the dependene in γ5,
ψn(x)→ e
−iγ5φn/2ψn(x) , ψ¯n(x)→ ψ¯n(x)e
−iγ5φn/2 , (30)
after whih the mode labelled by n has the ation:∫
d3+1x ψ¯n(x)( 6D +Mn e
−iϕnγ5)ψn(x) . (31)
This hiral rotation in the 3 + 1 Eulidean fermioni variables indues, how-
ever an anomalous Jaobian Jn for eah mode. Then, Γ
(1)
may be written
as follows:
e−Γ
(1)(A) =
+∞∏
n=−∞
[
Jn e
−Γ
(1)
3+1(A,Mn)
]
, (32)
where
Jn = exp
( ie2
16π2
φn
∫
d3+1xF˜µνFµν
)
, (33)
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with F˜µν =
1
2
ǫµνρλFρλ, and Γ
(1)
3+1(A,Mn) is the one-loop fermioni ontribution
to the eetive ation, for a fermion whose mass is Mn, in 3 + 1 dimensions.
Of ourse, it may be expressed as a fermioni determinant:
e−Γ
(1)
3+1(A,Mn) = det( 6D +Mn) . (34)
Then, we arrive to a general expression for the one loop eetive ation,
Γ(1)(A) = Γ(1)e (A) + Γ
(1)
o (A) (35)
where the e and o subsripts stand for the even an odd omponents (regarding
parity transformations) and are given by
Γ(1)e (A) =
∞∑
n=−∞
Γ
(1)
3+1(A,Mn) (36)
and
Γ(1)o (A) = −
∞∑
n=−∞
lnJn , (37)
respetively.
The parity onserving part of the eetive ation may be obtained by
performing the sum of the required QED3+1 objet, with an n-dependent
mass, Mn. We shall fous on that part of Γ
(1)
e that ontributes to the va-
uum polarization tensor for the Aµ gauge eld omponents. Sine we are
not interested in response funtions whih involve the s omponent of the
urrents, it is useful to dene:
Γ(1)e (Aµ) ≡ Γ
(1)
e (Aµ, As) − Γ
(1)
e (0, As) . (38)
Note that Γ
(1)
e (0, As) ≡ Γs(As) does not ontribute to response funtions
involving Aµ, although it an be used to study the fermion-loop orretions
to an As eetive potential. The expliit form of this funtion is [15℄:
Γs(As) = −2L
∫
d3+1x
∫
d4k
(2π)4
ln
[
cosh(Lk) + cosφ
]
. (39)
The vauum polarization tensor Πµν is obtained from the quadrati term
in a funtional expansion in the gauge eld:
Γ(1)e (Aµ) =
1
2
∫
d3+1x
∫
d3+1yAµ(x)Πµν(x, y)Aν(y) + . . . (40)
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It is then suient to resort to the analogous expansion for the 3 + 1
dimensional eetive ation,
Γ
(1)
3+1(A,Mn) =
1
2
∫
d3+1x
∫
d3+1yAµ(x)Π
(n)
µν (x, y)Aν(y) + . . . (41)
(whih is even) so that the vauum polarization reeives ontributions from
all the modes:
Πeµν =
∑
n
Π(n)µν , (42)
where Π
(n)
µν = Π(n)(k2) δTµν(k), with:
Π(n)(k2) =
2 e2
π
∫ 1
0
dβ β(1− β) ln
[
1 + β(1− β)
k2
M2n
]
, (43)
the renormalized salar part of the vauum polarization tensor, and the trans-
verse projetor is dened by δTµν(k) ≡ δµν − kµkν/k
2
.
The sum in (42) may be evaluated using standard nite temperature
tehniques; this yields the result Πeµν = Πe δ
⊥
µν , with:
Πe(k
2) =
2 e2
π
∫ 1
0
dβ β(1− β)
× ln
{
cos(φ)− cosh
[
mL
√
1 + β(1− β)
k2
m2
]}
. (44)
We see that, as a onsequene of the sum over modes, the expression above
does not satisfy the renormalization ondition that follows by imposing the
validity of Coulomb's law at long distanes. However, it is quite straightfor-
ward to impose it now, sine we only need to perform a nite renormalization,
to obtain a properly renormalized funtion ΠR, whose expliit form is:
ΠeR(k
2) = Πe(k
2) − Πe(0)
=
2 e2
π
∫ 1
0
dβ β(1− β) ln[1 + F (k2)] , (45)
with
F (k2) =
cosh
[
mL
√
1 + β(1− β) k
2
m2
]
− cosh(mL)
cosh(mL)− cos(φ)
. (46)
It is interesting to note that, even though the theory is 5 dimensional, the
vauum polarization tensor requires, to be renormalized, just one renormal-
ization ondition, as in 4 dimensions. Indeed, the superial degree of diver-
gene, δ(γ), for an 1PI Feynman graph γ in QED5 is
δ(γ) = 5−
3
2
EG − 2EF +
1
2
V (47)
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where EG and EF are the number of external gauge and fermion lines, respe-
tively, and V is the number of verties. For the one-loop vauum polarization
tensor, we then have δ(γ) = 3, whih, taking into aount gauge invariane
is redued to 1. Moreover, sine the divergent terms an only be even poly-
nomials in the momentum, we are left with a zero degree divergene, i.e., a
onstant.
Let us now study some immediate properties and onsequenes that follow
from expressions (45) and (46) above. The natural approah is perhaps to
look at its preditions for dierent momentum regimes. Let us thus begin
by onsidering the low momentum regime, namely, k2 << m2. The leading
term, k2/m2 → 0 has already been onsidered, to impose the renormalization
ondition ΠeR → 0, whih is not atually a predition, but rather the fat that
the model ontains Coulomb's law at long distanes.
The next-to-leading term already ontains a non trivial eet. Indeed, a
simple eet that is sensible to the presene of the ux is the strength of the
Lamb shift, whih is determined by the Darwin term. This an be seen by
expanding the renormalized tensor to ( k
m
)2 order in a momentum expansion:
ΠR(k
2) ∼ −
e2
30π
[ mL sinh(mL)
cos(φ)− cosh(mL)
] k2
m2
, k2 ∼ 0 , (48)
whih for the Hydrogen atom produes a orreted potential energy:
Veff (r) = −
e2
4πr
−
e4
120π2m2
[ mL sinh(mL)
cosh(mL)− cosφ
]
δ(3)(r) . (49)
The usual orretion is obtained when φ→ 0 and mL→ 0:
Veff (r) → −
e2
4πr
−
e4
60π2m2
δ(3)(r) . (50)
It is interesting to study the shape of the ratio between the orreted and
usual strengths of the respetive Darwin terms:
ξ(mL, φ) ≡
2mL sinh(mL)
cosh(mL)− cosφ
. (51)
The ase of a vanishing ux yields simply ξ(mL, 0) =
mL
2
tanh(mL
2
)
, whih for
small values ofmL approahes 1, and grows linearly withmL whenmL >> 1.
The opposite regime, when the eet of the ux is maximum, orresponds
to φ = pi
2
:
ξ(mL,
π
2
) = 2mL tanh(mL) . (52)
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The behaviour in this ase is quite dierent; it tends to zero quadratially for
smallmL, and also grows linearly in the opposite ase, albeit with a dierent
slope.
Let us now onsider the would be large-momentum region for the vauum
polarization. This regime will be dened by the ondition that k2 >> m2,
although k (and m), will be assumed to be muh smaller than L−1. The
latter is enfored in order to say that the mass of the Kaluza-Klein modes is
muh larger than the photon momentum. Under this assumption, one gets
the expression:
ΠeR(k
2) ∼
2 e2
π
∫ 1
0
dβ β(1− β) ln
[
1 + β(1− β)
k2
m2eff
]
, (53)
where
meff ≡
2| sin θ
2
|
L
. (54)
We onlude that, as a onsequene of the existene of the non-vanishing ux,
the large-momentum behaviour diers from the one that one has in standard
QED, by the emergene of an eetive mass meff . This mass should, in
order not to spoil the known anti-sreening eet at short distanes, be very
small. Sine L is assumed to be very small, that an only be ahieved with
an extremely small θ, namely θ << 1. Hene,
meff ≡
2| sin θ
2
|
L
∼
|θ|
L
<< 1 . (55)
In natural units, if L−1 ≡ Λ is the large momentum sale set by the Kaluza-
Klein modes, and we want meff to be muh smaller than the eletron mass,
sine only in that situation we reover the expeted behaviour for the eetive
harge at small distanes. Then we should have:
|θ| <<
m
Λ
. (56)
Finally, the parity breaking term, Γo is simply obtained by taking into
aount (37) and (33):
Γo = −
ie2
16π2
Φ
∫
d3+1xF˜µνFµν , (57)
where we introdued the fator:
Φ =
∞∑
n=−∞
φn ; (58)
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the sum of this series is well-known [16℄, the result being:
Φ = arctan
[
tanh(
mL
2
) tan(φ/2)
]
. (59)
The possible eets due to this term are more diult to eluidate, sine they
would require the existene of non-trivial Abelian gauge eld bakground to
manifest themselves. Within the present model, there is no room to aom-
modate them, exept if singular ongurations were
To onlude, we enumerate the main points we wished to onvey in this
letter: by studying the vauum polarization funtion in this QED model
with an extra dimension and ux, physial eets due to the ompatia-
tion an be found at the level of the vauum polarization tensor. Indeed, the
strongest eet is due to the non-vanishing ux, parametrized by θ, in the
large momentum behaviour of the eetive harge. We see that θ should be
muh smaller than the ratio between the eletron mass and the (momentum)
sale indued by the inverse of the ompatiation radius in order for this
eet to be hidden. Besides, the eet of the non-vanishing ux is maximum
when it reahes π. This is to be expeted, sine in that ase there is no
massless mode, and then there is no natural way to redue the theory at the
level of the fermioni eld. That is, on the other hand, the ase when φ = 0,
sine it means that the n = 0 mode nds a natural 3 + 1 dimensional inter-
pretation and there is a smooth limit when L→ 0. Finally, parity breaking
eets might be expeted, only if there were a ompelling reason to know
that the gauge eld itself adopts a topologially non-trivial onguration.
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